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LINEAR DIFFERENTIAL EQUATION WITH CONSTANT COEFFICIENTS:

A differential equation of the form

dny dn—ly dzy dy
an W‘l' ap-1 dxn—1 t+--ta; m'i' a, a"‘ asy =Q(x)...(1)

where a,,,a,_1,...a5,a;,a, are constants and Q(x) is either function of x or constant, is
called a linear differential equation with constant coefficients of order n.

Using operator D for :—x , equation (1) can be written as
(an D™+ an 1 D" '+ +ayD? +a; D +ap)y = Q(x)
Or fD)y = Q) ...... )

If Q(x) =0 then f(D)y =0 is called Homogeneous, otherwise Non-homogeneous.

Solution of homogeneous equation is called Complementary function of Non-homogeneous.

Also from equation (2), y = % Q(x) is Particular integral of Non-homogeneous.

So, complete solution of equation (2) is written as
COMPLETE SOLUTION = COMPLEMENTARY FUNCTION
+ PARTICULAR INTEGRAL

METHOD FOR FINDING THE COMPLEMENTARY FUNCTION

(2) In finding the complementary function, R.H.S. of the given equation is replaced by
zeroi.e. f(D)y =0

(2) Let y=e™ be the C.F. of f(D)y =0 i.e. replace D by m in f(D) and equate to zero.

(3) Then(a, m"+ ap,_ ,m* 1+ +a,m?*+a,m+ay) =0.

It is called Auxiliary equation. Let its roots are my,m,...... my,.

Now three cases arise:



Case | : Roots, Real and Different. If the roots are distinct, then the C.F. is
y=Ce™ +C,e™ +...+Ce™

Case Il : Roots, Real and Equal. If all the roots are equal i.e. m then the C.F. is
y=(C, +C,x+C,x* +..+C x"")e™

Case I11 : Roots, Imaginary. If the roots are « i, then the solution will be
y =Ce“"M* 4 C el =™ [Ce™ +C,e ]
=e“*[C,(cospx+isin pXx)+C,(cospx—isin Sx)]
=e”"[(C,+C,)cospx+i(C,—C,)sin px]

=e”*[Acos fx+ Bsin pX]

2
Y 6% 9y—0

d
ues. Solve:
Q x? dx

Sol.  Here, we have

2
d ¥_6ﬂ+9y=o =  (D?-6D+9) y=0
dx dx

AE.is m*-6m+9=0 = (Mm-3)°=0 = m=3 3.
C.F.=(C,+C,x)e* Ans.
Ques. Find the general solution of the differential equation

d°y d’y

o de

Sol.  Here, we have

a°y_dy _

dx®>  dx®
= D°’y—-D% =0 = (D°-D%y=0 = D*}(D*-1)y=0
AE.is m*(m*-1)=0 = m=0,0 0 1 -1

Hence, is solution is

y=(C,+C,x+C,x*)+C,e* +C.,e”* Ans.



d? d
x¥+4_y+5y=0’

Ques. Solve:
dx

Sol.  Here the auxiliary equation is

_A+ 16—
m?+4m+5=0 = m:%mz—Zii
Its roots are —2 i
The complementary function is
y =e >*(Acosx+ Bsinx)
Rules to find particular integral:
(l) 1 eax — 1 eax
f(D) f(a)
If f(a)=0 then L -eax:x-i-eax
f (D) f(a)
1 ax 2 ax
If f'(a)=0then e = .
f(D) f"(a)
(ii) f(lD) X" =[f(D)]*x" Expand [ f (D)]™" and then operate.
1 . 1 . 1
(iii) sosinax= s-sinax and ———cosax= 5 Cosax
f(D?) f(-a%) f(D?) f(-a’)
If f (—a®) =0, then %sinax:—l-cosax
f(D+a) 2a
X .
and —————cosax =——sinax
f(D*+a) 2a
1 . .
i ——e® . g(X) = e . —————g(x) where ¢(x) is some functions of x.
M iy = g #00 where 40

W o0 =e " e g

(vi)  Symbol D stands for the operation of differential i.e.,

1 : . .
D stands for the operation of integration.



1 : . . .
— stands for the operation of integration twice.
D

Ques. Solve the following differential equation:

2
d’y +5ﬂ—6y =Sin3X + COS2X.

dx? dx

Sol.  Here, we have

2
OI—Z+5ﬂ—6y:sin3x+coszx
dx dx
= (D? +5D —6)y =sin3x+Cc0s2x
A.E.is m?+5m—-6=0
= m2+6m-m—-6=0
= m(m+6)—-1(m+6)=0
= (m-1) (m+6)=0
= m=1-6
C.F.=Ce*+C,e™
1 .
P.l.= ————(sin3x+co0s2x)
D +5D-6
:Z;Sin3x+2;0052x
D“+5D-6 D +5D-6
-3°+5D-6 -2°+5D-6
= sin3x+ COS2X
5D-15 5D-10
= (D+3) sSin3x + D +2) 0S2X
5(D-3)(D+3) 5(D-2)(D+2)
D+3

=2—sin3x+2—0052x
5(D°-9) 5(D°-4)

D+3 . D+2
= ———5——SIN3X+ ——5——C0S2X
5(-3°-9) 5(-2°-4)



D+3 . D+2
= SIN3X+——Cc0S2X
5(-18) 5(-8)

(D+3), . 1
90 (sin3x) 40(D+2)(c032x)

= —i[30053x+3sin3x] —i[—ZSin 2X +2¢052X]
90 40

= —i(cos3x+sin3x)—i(c052x—sin 2X)
30 20
Complete solutionis y=C.F.+P.I.
X —-6x 1 H 1 H
= y=Ce"+Cpe —%(0033x+sm3x)—%(c032x—sm2x)

3 2
Ques. Solve:%—s d’y +4Q—2y =e* +cosx

dx? dx

Sol. We have, (D®-3D*+4D—-2)y =¢e* +cosx

AE.is m®*-3m*+4m-2=0

= (M-1)(M*-2m+2)=0,ie,m=1 1+i
C.F.=Ce* +(C, cosx+C,sinx)e”

1 x 1
P.l.= > " +— 5
(D-1)(D°-2D+2) D°-3D°+4D-2

COSX

= 1 e+ ! c
(D-)@1-2+2)  (-1)D-3(-1)+4D-2

0SX

- e* +
(D-1)  3D+1

COSX

y 1 3D-1
=g A+ 5 COSX
D+1-1 9D -1

N (=3sinx—cosx)
-9-1

:exi.l
D

= ex.x+i(3sinx+cosx)
10

Hence, complete solution is



y =C.e* +(C, cosx+C,sinx)e” + xe” +%(35inx+cosx)

_d?y : .
Ques. Solve: ™ +y = sin x sin 2x
X
Sol.  We have,
2
(;—32/+y = sin X sin 2x
X

(D?*+1)y = sin x sin 2x
AE.is m?+1=0 = m=+i

CF.  =C,cosx+C,sinx

PI = 21 sinx sin2x = 21 [cosx—cos3x]

D°+1 D°+1 2

>——COSX—— C0S3Xx
D +1 D°+1

1
2

1l x .
== Zsinx—
2

10 x . 1
C0S3X | = =| —Sin X+ =Cc0S3X
| 2 -9+1 2|2 8

=i[4xsinx+cos3x]
16
Complete Solutionis y =C.F.+P.I.
, 1 ,
= y:Clcosx+CzsmX+E(4xsmx+c053x)

Ques. Obtain the general solution of the differential equation
y"-2y'+2y = X+ € cosX
Sol.  Wehave, y"-2y'+2y=x+e*cosx
AE.is m?-2m+2=0 = m=1+i
C.F.=e*(Acosx+Bsinx)

1

P.l.= 5 X+—;
D°-2D+2 D°-2D+2

e* cosx




Where I, =

(o2 Toeo- ).}

2
Lt Dx—D—x+..}=l[X+1]
2 2

1 x
and |, =——————-¢€ cosx
D°-2D+2

e* > 1 COSX =e* >
(D+D)°-2(D+1)+2 D +1

COSX

:lxexsinx If f(—a®) =0, then ————
2 f(D°+a“)

cosax = sinax
s
y=C.F.+P.l.

y . 1 1 .
=e"(Acosx+ Bsmx)+5(x+1)+5xe sinx. Ans.

Ques. Solve: (D? —4D +4)y = x%*
Sol. We have, (D*—-4D+4)y = x’*
AE.ism’—4m+4=0 =>(M-2)*=0 =>m=22

C.F. =(C,+C,x)e*

PI :; 3.62x 2X 1 X3
(D+2)*-4(D+2)+4

The complete solution is y = (C, +C,x)e** +e2x.;(—O Ans

Ques. Solve (D*-1)y =e* cosx

Sol.  Here, we have



(D*-1)y =e*cosx

A.E.is m*-1=0= (m+1)(m-D)(M*+1)=0

= m=-11,+i,—i

C.F. =Ce*+C,e* +(C,cosx+C,sinx)

1
P.l. = ——e"cosx
D" -1
X X 1
=e' ————cosx=¢e"— 5 5 COSX
(D+D)" -1 D" +6D”+4D"+6D
. 1
=e 5 COSX
(-)°+6(-1)D+4(-1)+6D
< 1 e* cosx
= COSX =—
1-6D-4+6D 3
Complete solutionis y=C.F.+P.I.
= y:Cle‘X+C2eX+(C3cosx+C43inx)—e cosx
TO FIND THE VALUE OFLXn sinax.
f(D)
1 n i 1 niax iax 1 n
Now ——x"(cosax+isinax)=——xX = ———X
f(D) f(D) f(D+ia)
1 N a; H iax n
——-x"sinax= Imaginary part of e —————.x
f(D) f(D+ia)
1 n iax n
——-x"cosax = Real part of e —————-x
f(D) f(D+ia)
Ques. Solve the differential equation:
(D? +2D +1)y = XxcosXx
Sol. (D?+2D+1)y = xcosx
Auxiliary equation is
m?+2m+1=0 = (m+1)*=0 = m=-1 -1

AnS,



CF. =(C,+C,x) e™”

P.l. =——— xcosx = Real part of %x[cosxﬂsin X]
(D+1) (D+1)

xe™ =Real part of e'*

=Real part of ! >
(D+1)

— X
(D +i+1)?

L x = Real part of e'* !

=Real part of e ——— — ; . - X
D°+2(i+1)D+(i+1) D°+2(1+i)D+2i

- 5 - -
2i 1+iD+D—_ 2i [ 2i

i 21

ix ix H 21
=Real part of e_ ! x =Real part of ¢ {1+ED+D—} X

g' 1+i

=Real part of {1— (EJD + } x =Real part of %(cosx +isin x)[x —f}
i

2 I I

1. . .
=Real part of —E(I cosx—sinx)(x+i-1)

=Real part of —%(i cosx—sinx)(x+i-1) =%sin x(x—1)+%cosx
Complete solutionis y=C.F.+P.I.

= y=(C1+C2x)eX+%(x—1)sinx+%cosx

d’y ,dy

Ques. Solve —5-—2—=+y=xsinx
X dx

Sol.  Auxiliary equation is m* =2m+1=0 =>m=11

C.F.=(C,+C,x)e"

1 . .
Pl =——F——-XsInx (ase™ =cosx+isinx)
D°-2D+1
=Im. part of x(cosx+isinx)=Im. part of ;xe‘x
—m Pt 5 Top POl B b

1

= Imaginary part of e”* - X
gnary’p (D+i)*-2(D+i)+1




2 1- = X
D -2(1-i)D-2i

Imaginary part of e

-1
Imaginary part of eix%{l—(lﬂ)D—%Dz} X
—2i i

= Imaginary part of (cosx+sin x)(lz)[l+(1+i)D]x
. 1. . .
= Imaginary part of E(I cosx—sinx)[x+1+i]

1 1 1.
P.I. = EXCOSX-I——COSX—ESIHX

1 .
Complete solution is y = (C, +C,x)e* +§(xcosx+cosx—sm X)

GENERAL METHOD OF FINDING THE PARTICULAR INTEGRAL OF ANY
FUNCTION ¢ (x)

S g e e (X

Cauchy-Euler Homogeneous Linear Differential Equations:

n n-1

d ~
ax" ] )n/ +a, X"
X

y
d anl

+..+8,y=¢(X)
Where a,, a,, a,, ... are constants, is called a homogeneous equation.

d
Put X=e’, z=1log, X, d—=D

Z

dy_dydz_1dy o dy dy _dy
dx dz dx xdz dx dz dx

~ x%dz  x dz? dx

Again,
g dx

d’y d (dyj d [l dyj 1 dy+ld2y dz

d dxldx) dxlxdz)”

e e e —_——
2 dz? dz ) x

1dy 1d?y1 1(d?’ dy) 1,6,
== =~ (D*-D
x?dz x dz® x xz( al )Y

2

X2




2
= ngy—{XD—Dy

X2

3
Similarly. ﬁ%%:oa}4xo—ay
X

. d%y dy :
Ques. Solve: x ™ —xd—+4y=cos(|ogx)+xsm(|ogx).
X X
2
Sol.  We have, x2%—x%j%y=cos(|ogx)+xsin(|ogx). ..(1)

. . 3 _d , d?y dy .
Putting X=€" = z=1logx,D =—and x =D(D-1)y,x—==Dy in (1), we get
dz dx dx

> =

[D(D-1)—D+4]y=cosz+e*sinz

i.e. (D?*-2D+4)y=cosz+e’sinz
(= +/4—
AE. ism*-2m+4=0= m= ( 2)_2 4-16
= m=1++/3i
C.F. =e’[C, cos+/32+C,sin+/37] ..(2)
1 .
Pl =————(cosz+e’sinz)
D°-2D+4
1 1 .
= C0SZ+————e’sinz
D°-2D+4 D°-2D+4

=—————C0SzZ+¢€’ 5 L sinz
-1-2D+4 (D+1)°-2(D+1)+4

= L cosz +e’ > 1 sinz
3-2D D°+2D+1-2D-2+4
3+2D , . D , )
=———C0Sz+e" ———sinz= coSZ+e sinz
9-4D D°+3 9+4 -1+3

342D

cosz+e’ lsin Z= 1—13(3cosz —2sinz) +%eZ sinz...(3)

Complete solution is

y=C.F.+P.l.



= y=eZ[Clcos\/§z+C2sin\/§z]+%(3cosz—25inz)+%ezsinz ..(4)

Replacing z=1logxand e’ = x in (4), we get
y = X[C, cos+/3(logx) +C, sinv/3(logx)]

3 2 . 1 .
+—cos(logx) ——sin(logx) + = xsin(logx
13 (logx) 13 (logx) > (logx)



