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LINEAR DIFFERENTIAL EQUATION WITH CONSTANT COEFFICIENTS: 

A differential equation of the form 
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where                        are constants and Q(x) is either function of x or constant, is 

called a linear differential equation with constant coefficients of order n. 

Using operator        
 

  
 , equation (1) can be written as 

(    
        

          
          )   ( ) 

Or                            f(D)y = Q(x) ……(2) 

If Q(x) = 0 then f(D)y =0 is called Homogeneous, otherwise Non-homogeneous.  

Solution of homogeneous equation is called Complementary function of Non-homogeneous. 

Also from equation (2),   
 

 ( )
 ( )  is Particular integral of Non-homogeneous. 

So, complete solution of equation (2) is written as 

COMPLETE SOLUTION = COMPLEMENTARY FUNCTION  

          + PARTICULAR INTEGRAL 

METHOD FOR FINDING THE COMPLEMENTARY FUNCTION 

(1) In finding the complementary function, R.H.S. of the given equation is replaced by 

zero i.e.  f(D)y =0 

(2) Let mxey   be the C.F. of f(D)y =0 i.e. replace D by m in f(D) and equate to zero. 

(3) Then(    
        

          
          )   . 

           It is called Auxiliary equation. Let its roots are m1,m2,……mn. 

Now three cases arise: 



 

Case I : Roots, Real and Different. If the roots are distinct, then the C.F. is  

    
xmxmxm neCeCeCy 121 ....21   

Case II : Roots, Real and Equal. If all the roots are equal i.e. m then the C.F. is  
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            Case III : Roots, Imaginary. If the roots are , i  then the solution will be  
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    )]sin(cos)sin(cos[ 21 xixCxixCe x    

    ]sin)(cos)[( 2121 xCCixCCe x    

    ]sincos[ xBxAe x    

 

Ques. Solve: 096
2
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Sol. Here, we have 
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    0)96( 2  yDD  

A.E. is .3,30)3(096 22  mmmm  

   xexCCFC 3
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Ques. Find the general solution of the differential equation 
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Sol. Here, we have 
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   035  yDyD    0)( 35  yDD    0)1( 23  yDD  

A.E. is 0)1( 23 mm      1,1,0,0,0 m  

Hence, is solution is  
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Ques. Solve: ,054
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Sol. Here the auxiliary equation is  
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Its roots are i2  

The complementary function is  

  )sincos(2 xBxAey x    

Rules to find particular integral: 

(i) xaxa e
af

e
Df )(

1

)(

1
  

If 0)( af  then xaxa e
af

xe
Df


)(

1

)(

1
 

If 0)(' af then xaxa e
af

xe
Df


)("

1

)(

1 2  

(ii) nn xDfx
Df

1)]([
)(

1    Expand 1)]([ Df  and then operate. 

(iii) ax
af

ax
Df

sin
)(

1
sin

)(

1
22 

  and ax
af

ax
Df

cos
)(

1
cos

)(

1
22 

  

If 0)( 2 af , then  ax
a

x
ax

aDf
cos

2
sin

)(

1
22




 

and ax
a

x
ax

aDf
sin

2
cos

)(

1
22




 

(iv)  x.of functions some is )(  where)(
)(

1
)(

)(

1
xx

aDf
exe

Df

axxa 


  

(v)  


 dxxeex
aD

axxa )()(
1

  

      (vi)      Symbol D stands for the operation of differential i.e., 
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stands for the operation of integration. 
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1

D  
stands for the operation of integration twice. 

Ques. Solve the following differential equation: 
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Sol. Here, we have 

  xxy
dx

dy

dx

yd
2cos3sin65

2

2

  

   xxyDD 2cos3sin)65( 2   

A.E. is    0652  mm  
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       6,1 m  
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Complete solution is .... IPFCy   
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Sol. We have, xeyDDD x cos)243( 23   

A.E. is 0243 23  mmm  
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Hence, complete solution is  
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Sol. We have, 
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Complete Solution is  y C.F.+ P.I. 
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Ques. Obtain the general solution of the differential equation 

 xexyyy x cos2'2"   

Sol. We have,  xexyyy x cos2'2"   

 A.E. is  0222  mm   im 1  
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Ques. Solve: xexyDD 232 )44(   

Sol. We have,  xexyDD 232 )44(   

 A.E. is 0442  mm   0)2( 2 m   2,2m  

  C.F. xexCC 2

21 )(   

  P.I.  3

2

223

2 4)2(4)2(

1
.

44

1
x

DD
eex

DD

xx





  

  
20

.
4

1
.

1 5
2

4
23

2

2 x
e

x

D
ex

D
e xxx 








  
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Ques. Solve xeyD x cos)1( 4   

Sol. Here, we have  
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TO FIND THE VALUE OF ax.x
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Ques. Solve the differential equation: 

 xxyDD cos)12( 2   

Sol. xxyDD cos)12( 2   

Auxiliary equation is  

 0122  mm    0)1( 2 m    1,1 m  
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Complete solution is .... IPFCy   
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GENERAL METHOD OF FINDING THE PARTICULAR INTEGRAL OF ANY 

FUNCTION (x)  

  (x)dxee(x)
aD

axax  
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Cauchy-Euler Homogeneous Linear Differential Equations: 
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Where ...,,, 210 aaa  are constants, is called a homogeneous equation. 
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dz

d
  

  Dy
dx

dy
x

dz

dy

dx

dy
x

dz

dy

xdx

dz

dz

dy

dx

dy


1
.  

Again,  
dx

dz

dz

yd

xdz

dy

xdz

dy

xdx

d

dx

dy

dx

d

dx

yd
2

2

22

2 111


















  

  yDD
xdz

dy

dz

yd

xxdz

yd

xdz

dy

x
)(

11111 2

22

2

22

2

2









  

  yDD
dx

yd
x )( 2

2

2
2   



   yDD
dx

yd
x )1(

2

2
2   

Similarly. yDDD
dx

yd
x )2)(1(

3

3
3   

Ques. Solve: ).sin(log)cos(log4
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2
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Sol. We have, ).sin(log)cos(log4
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   zezyDDD z sincos]4)1([   

i.e.   zezyDD z sincos)42( 2   
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Complete solution is  
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Replacing xz log and xe z   in (4), we get 
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